The two-dimensional stationary flow of a fluid over an obstacle lying on the bottom of a stream is discussed. We take into account the gravity and we neglect the effects of the surface tension. An existence theory for the solution of this problem is established by the implicit function theorem, for small obstacles and Froude numbers in an interval included in ] 0, 1[.
Introduction
This paper considers the problem of determining the free surface flow of an ideal fluid down an infinitely long channel of uniform width. We suppose that the bottom of the channel is perturbed by an obstacle represented by a regular function with a compact support. Free surface flows of an ideal fluid are nonlinear problems; the nonlinearity is essentially due to the dynamic condition written at the free surface.
The practical applications of this type of flow arise both in the hydraulic engineering of fast flow in a channel or a river. The numerical study of this problem has been treated by various authors. Bouhadef [3] has given a numerical study of the problem in the fluvial and torrential case. King and Bloor [6] have given a generalization of the Schwarz-Christoffel transformation to formulate the problem of free streamline jet flow over curved wall as a pair of coupled equations for the tangential angles onto the free surface and the wall shape. Linearized solutions and nonlinear numerical solutions are presented for a variety of wall shapes. But no theoretical result has been given. However several authors have given theoretical results of this problem in the linear case. Abergel and Bona [1] have considered a steady, two-dimensional of an incompressible, Newtonian fluid flowing under gravity down an inclined channel; they have established an existence theory for steady, highly viscous flow. In this paper, we want to establish a theoretical result of existence and unicity of a solution which decrease exponentially at infinity. The plan of this paper is as follows.
In Section 2, we formulate the governing equations of the problem in dimensionless form. In Section 3, we introduce the stream function in these equations. In Section 4, the resolution of the dynamic equation written at the free surface boils down to a fixed point problem and here we apply the implicit function theorem. We achieve this work by a conclusion given in Section 5.
The governing equations
We consider a steady two-dimensional flow of an ideal fluid in a channel in which an obstacle described by the equation y = b(x) has been placed. We denote by γ b the domain occupied by the fluid, where b is the equation of the obstacle and γ is the perturbation of the free surface. We put The function b(x) verifies 0 ≤ b(x) < y 0 and is regular, with a compact support. The problem is formulated as follows: given a bottom configuration b, find a function γ : R → R (free boundary) and a vector field u (velocity of the fluid) such that:
Governing equations in
2) expresses the incompressibility of the fluid, (2.3) is given by the irrotationality of the flow.
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Boundary conditions
where ν is the exterior normal to the boundary of Conditions at infinity. We suppose that the flow is asymptotically uniform and horizontal far upstream and downstream of the obstacle. We then write
Condition across the free surface. The dynamic condition of continuity of the pressure across the free surface is given by the Bernoulli equation
where ρ is the density of the fluid, g is the downward acceleration due to the gravity, and c is a constant.
Dimensionless equations. Dimensionless variables are defined by referring all lengths to the quantity y 0 , and all velocities to u 0 . We put
Systems (2.2), (2.3), (2.4), and (2.5) become
where 
where F = u 0 / √ gy 0 is the Froude number of the flow.
Formulation of the problem in stream function
In what follows, we write all the variables without the symbol * .
The irrotationality and the incompressibility of the fluid lead us to define a harmonic stream function such that
and becomes
This is equivalent to
In the same way, (2.5) gives
We deduce that is constant in y = b(x) and y = 1 + γ (x). Thanks to the condition at infinity, we evaluate the constant which appears in (2.13) and the values of at the bound of The function is a stream function then we can choose k = 0. Hence
Replacing these limits in (2.13) we obtain
Moreover, we deduce from (3.7) that
Then the stream function verifies
Taking into account condition (3.11), we can write
where ψ is the perturbation of the stream function. Problems (3.10), (3.11), and (3.12) will be written as
Solution of the free surface problem
We transform (3.16) in
and we put
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The problem can be formulated as follows: given a function y = b(x) which represents an obstacle, find a function γ : R → R (free surface) such that T (b,γ ) = γ with ψ solution of problems (3.14) and (3.15) . This is equivalent to solving the equation
For b = γ = 0, ψ = 0 verifies (3.14), (3.15), and (3.16). So T (0, 0) = 0 and
we use the implicit function theorem at a neighbourhood of (b, γ ) = (0, 0). Consider the change of variables
we transform the domain γ b in the following infinite strip Q:
We put ψ(x, y) =ψ(x,ỹ) thenψ verifies
where
(4.8) The symbols and denote, respectively, the first and second derivative.
The gradient operator becomes
Equation (4.1) will be written
where b is given and γ is searched in the space
andψ in the space
where 0 < λ < 1 and c > 0 [1] . The choice of these spaces will appear evident later. 
equipped with the norm
is a Banach algebra.
(
is also a Banach algebra. Now we are able to state the main result of this section. 
Proof. In the next subsections, we will verify the hypothesis of the implicit function theorem.
Differentiability of the operator T 1 with respect to (b, γ ).
We have
to show the differentiability of T 1 with respect to b and γ , it suffices to study the differentiability of T with respect to b and γ . For this we use the following results. To prove this theorem, we use the following proposition which is proved in the annex. 
where and Ꮽ = Ꮽ 0 0 . We will verify that
.
(4.22)
We need the following lemma which is evident to prove.
Then we have
and using the last lemma we obtain is continuously differentiable.
We define S 1 and S 2 as follows:
The differentiability ofψ is given by the differentiability of S 1 , S 2 , and Ᏺ(b, γ ). It is evident that Ᏺ(b, γ ) is continuously differentiable with respect to b and γ . S 2 is a Ꮿ ∞ operator. It remains to prove the continuous differentiability of S 1 . We have
It is sufficient to prove that a i , 1 ≤ i ≤ 3, which are rational functions in b, γ , b , γ , b , γ , are continuously differentiable with respect to b and γ . For this we use the next lemma which is evident to prove [1] . where 
(R).
The coefficients a 1 , a 2 , and a 3 verify the hypothesis of Lemma 4.7, then they are continuously differentiable with respect to b and γ . This gives continuous differentiability of S 1 with respect to b and γ . Then Theorem 4.4 is proved.
In the new variablesx,ỹ, the operator T (b,γ ) takes the form
. Under the hypothesis of Theorem 4.4 the operator T is continuously Gâteaux differentiable on B.
Proof. We have shown thatψ is continuously differentiable with respect to b and γ . Moreover, it is evident that λ 1 (b, γ ) and λ 2 (b, γ ) are continuously differentiable with respect to b and γ . We deduce that T (b,γ ) is continuously Gâteaux differentiable with respect to b and γ . Then T 1 is continuously differentiable on B. We haveψ |b=γ =0 = 0 in Q and ᏼ 0 0ψ = 0. Let h ∈ B 2,λ c (R). We put b = 0 in system (4.35), we derive with respect to γ in the direction h and we evaluate the derivative at γ = 0. We put
Expression of (∂T
We obtain
and we get the following result. 
and satisfies
Proof. For the existence and uniqueness, we use Proposition 4.5. Now to prove inequality (4.39), we need the next lemma proved in the annex. , where k > 1. Now we are able to establish relation (4.39). We can write
where u is the solution of the problem 
, k 2 > 1 (Lemma 4.10)
, where Using Lemma 4.10 we obtain
, k > 1, (4.43) where k = k 3 + k 4 . Now we can evaluate (∂T 1 /∂γ )(0, 0). We have
where Id is the identity mapping of B
2,λ c (R).
We derive with respect to γ in the direction h at γ = 0
which gives
(4.47)
We replace (∂T /∂γ )(0, 0) · h by its expression in (4.44) and we find We have Remark 4.11. We have a result of existence and uniqueness for Froude numbers F < 1.
Conclusion
The conclusion of this work is that we have established a local result of existence In [5] , it is said that there is no uniqueness of the solution when F < 1. This result has been confirmed numerically in [5] where moreover the existence and uniqueness of the solution are established after linearization of the equations. In our paper, without linearization, we have solved the problem of existence and uniqueness using the implicit function theorem in subspaces of Hölder spaces.
Annex Proof of Proposition 4.5.
Consider the homogeneous problem
First of all, f 1 belongs to B 0,λ [4] ).
To prove that v ∈ B where k > 1.
